Math 319, Slemrod, spring 2005.
Homework Solutions for §3.5
Alec Johnson

In problems 1,3,5 find the general solution.

Problem 1. y" —2y'+y =0
Characteristic polynomial:

r2—2r+1=0

So(r—12=0

Repeated root r = 1, so general solution is:
y(t) = cret + catel.

Problem 3. 4y —4y' — 3y =0

Characteristic polynomial:
4r —4r-3=0
So (2r + 1)(27" -3)=0
Sore{- . So the general solution is:

| MI»—A

Problem 5. y" -2y’ + 10y =0
Guess y(t) = e™.

Characteristic polynomial:

r?—2r+10=0

Discriminant is (—2)2 —4-10 =4 — 40 = —36 < 0,
so there are no real roots.

Can solve by quadratic formula.

Or by seeking complex conjugate factors:

Get (r+ (=1 —=3i))(r + (=14 3i)) =0.

ie. r=1=+ 3.

So a complex solution is:

e(~1H3Dt = e=t(cos(3t) + 4 sin(3t)).

Since the ODE has real coefficients, the real and
imaginary parts of this solution must also be solu-
tions.

The real part is y; (t) = e~ cos(3t).

The imaginary part is y2(t) = e~?sin(3t).

These are linearly independent solutions.

So the general solution is:
y(t) = cre™t cos(3t) + coe~t sin(3t).

In problems 11 and 13 (a) solve the given ini-
tial value problem. (b) Sketch the graph of the
solution and (c) describe its behavior for in-
creasing t.

Problem 11.
9y" —12y' + 4y =10
y(0) =2
y'(0)=-1

(a) Solution.

The characteristic polynomial factors as:
(3r —2)2 =0.

Sor= %
Repeated root So §eneral solution is:

y(t) = crest + cotest.

Observe that y'(t) = (3¢ + co)edt + %czte%t.
Apply initial conditions. Get system:

2 = C1
2
-1 = — +
301 C2
So Co = —%.
So the solzution is: ,
y(t) = 2est + (—%)test.

(c,b) Behavior as t - 0o and Graph.

A trick that can help you quickly draw rough graphs
of solutions is to determine what the function looks
like near +00, near —oo, and near the initial condi-
tion. Let yy(¢) = 2e3%, and let yo(t) = (—%)te%t

So y(t) = y1(t) + y2(t). Observe that as t goes to
+00, ya2(t) is much bigger than y;(¢). Other ways of
saying this are:

o limt—)oo

ya(t) _
v =0

e y-(t) dominates y; (t) as t — oo.

o limy, o

This means that y(t) looks like y-(t) as t goes to +oc.
Other ways of saying this are:

=1

o limyoo 0

e y(t) is asymptotic to y2(t) as t — oo.

o y(t) ~y2(t) as t = oo.

What happens as t goes to —oo? Certainly y1, ¥y,
and y all go to 0. But we can say more precisely



how they go to zero. Notice that again y»(t) is much
bigger than y1 (t) as t goes to —o0o. So y(t) ~ ya(t) as
t — —00.

So graphing y»(t) can help you graph y(t).
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Figure 1: Graph for Problem 11

Problem 13.
9y" +6y" +82y=0
y(0) = -1

y'(0) = -2

(a) Solution.

The roots of the characteristic polynomial are:

r= —% =+ 3i. So the general solution is:

y(t) = cre~ 5t cos(3t) + coe~ 3¢ sin(3t).

Note: y'(t) = c1(—Le~ 3% cos(3t) — 3e~3sin(3t)) +
ca(—1e~ 5t sin(3t) + 35t cos(3t))

The initial conditions give:

—].:Cl

1
-2 = Cl(——) + ¢33

3

So ¢y = g. So the solution is:
y(t) = e~ 5t (—1cos(3t) 3 sin(3t)).

(c,b) Behavior as t — co and Graph.

To sketch the graph, we rewrite —1cos(3t) + 2 sin(3t)
in the form A cos(3t — §).

Recall that cos(a— ) = cos(a) cos(f)+sin(a) sin(B).
So Acos(3t — 6) = (Acosd) cos 3t + (Asin ) sin 3t.
So we can set:

Acosd =
Asind =

-1

O ot

This implies that A2 = (=1)2 + (3)2 = 125,
SoA=VO 1949

So y(t) = @6_%t cos(3t — 6).

We could continue and find ¢ (by finding tan §), but
at this point we know that y(t) is an exponentially
decaying sinusoid that satisfies the initial conditions
and which oscillates within the envelope +est.
This is enough information to sketch a graph (assum-
ing that we don’t care about exactly where the zeros
are).
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Figure 2: Graph for Problem 13

In problems 25 and 27 use the method of re-
duction of order to find a second solution of
the given differential equation.

Problem 25.
2y" + 3ty +y=0, t>0; y(t)=t"1
Check that this is indeed a solution:
yi(t) = (=1)t72 and y'(t) = (2)t7°.

Substituting shows that y; is indeed a solution.

Now divide the differential equation by ¢2.
y'+ 3ty +t %y =0.

Compare with the standard form:

y" +p(t)y’ + q(t)y = 0.

So p(t) = 3t~1.

According to the method of reduction of order,
v(t)y1(t) is an (independent) solution iff v(t) satis-
fies:

y1v" + (2y1 +pyr)v' = 0.

v _ 2yi4py

Separating gives: —%; = 1 P = 2%11 +p.

Integrating gives: —Inv' = 2lny; + fp +C.

Sov' = clyf2e_f”.

In our case, [p(t) dt = [3t~! dt = 3Int.

So v = ¢ (t71)2e73Int = 142473 = ¢yt L

Sov(t) =c1lnt + co.

So v(t)y1(t) = cittint + cot 1.

This is a linear combination of two linearly indepen-
dent solutions, so it is the general solution.

Problem 27.
2y" —y' +42%y =0, z>0; gy (z)=-sinz?

This time let’s suppose that all we can remember to
do is to make the following guess:

y(@) = v(@)y(z).

Substituting into the differential equation and sim-
plifying should give you:

0 = v'(—sin2? + 422 cos 22) + v" z sin z2.
Separating gives: f}—l,’ = W =1
Integrating: Inv' = Inx — 2In(sinz?) + C
Exponentiating: v’ = czz(sinz?)( —2) = ¢;2(csc x?)?
So v = ¢z [ 2(csca?)? da.

Let u = 2%. So du = 2z dx.

Sov =% [(cscu)? du.

Recall that [ csc? u du = cotu.

So v = ¢; cot(2?) + co.

Recall that y = vy;.

So y(x) = ¢1 cos(z?) + ¢ sin(z?).

This is the general solution.

1 _ 4z cos z?
sinz? °



